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Spacecraft Attitude Estimation Using the Global Positioning
System: Methodology and Results for RADCAL

Penina Axelrad* and Lisa M. Ward"
University of Colorado, Boulder, Colorado 80309

Methodology and resuits for the Global Positioning System based attitude determination of a gravity gradient
stabilized satellite are presented. Algorithms for on-orbit antenna baseline estimation, attitude initialization, point
solution, and Kalman filtering are described. These algorithms are demonstrated using flight data collected on
board the U.S. Air Force RADCAL Satellite. The precision of the final attitude estimates is assessed to be at the

level of 0.4 deg for pitch and roll and 0.7 deg for yaw.

Nomenclature
B = body frame
b = baseline vector
C = transformation matrix from orbit local to body frame
e = line of sight unit vector
H = measurement gradient matrix
I = identity matrix
I, L, I; = principal moments of inertia
ia, ja.ka = basis vectors for coordinate frame A
= integer cycle
L = orbit local frame
q = four-element attitude quaternion from orbit local to
body frame
VX = cross product matrix associated with the vector v;
0 v3  —V
V* = —vU3 0 Vi
Va2 - 0
x = state vector
z = measurement residual vector
B = line bias
Ar = range difference
Agp = measured phase difference
3q = three-element correction quaternion
Sp = phase difference residual
() = estimation error of a given quantity
v = phase difference measurement error
Q = spacecraft orbital rate
w = inertial angular velocity of the body in body
coordinates
wr = local angular velocity of the body
(A = vector quantity expressed in coordinate frame A
® = estimate of a quantity
® = quaternion composition operation; see Ref. 1

I. Introduction

HE Global Positioning System (GPS), comprising a constel-

lation of 24 satellites and a ground monitoring and control
network, is widely used for positioning of vehicles near the sur-
face of the Earth and for orbit determination of near-Earth satellites.
In addition to these functions, GPS is capable of providing vehi-
cle attitude through the use of L-band carrier phase interferometry
between multiple antennas. This technique is of particular interest
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for near-Earth space applications because of the potential for re-
ducing the number of onboard navigation and attitude sensors and
increasing spacecraft autonomy.

GPS-based attitude determination is being considered for a broad
range of space platforms from low-cost mobile communications
satellites to the Space Station Alpha. Thus far, there have been rel-
atively few flight tests of such a system, namely, the U.S. Air Force
RADCAL satellite, NASA GADACS, and the recent launch of REX
IL. All of these missions have carried a version of the Trimble Nav-
igation TANS Quadrex or Vector receiver, modified by Stanford
University for use on orbit.

Attitude determination for satellites has been extensively
studied.!~® In particular, Lefferts et al.> provide a detailed descrip-
tion of a quaternion-based Kalman filter that uses star tracker and
gyro measurements. References 6 and 7 describe similar algorithms
for integrating GPS with gyro data. A Kalman filter designed specif-
ically for a gravity gradient satellite with various sensors was de-
veloped by Melvin.® :

The first analysis of using satellite radio signals for attitude de-
termination was given by Albertine in 1974 (Ref. 9). The topic
went relatively unnoticed until the late 1980s because the size and
cost of high-performance GPS equipment made it unrealistic to use
multiple receivers or channels to track several antennas on a single
vehicle. This changed dramatically with the advent of largely digital
receivers. In the next few years a variety of solution algorithms us-
ing a single set of simultaneous measurements were proposed.’’;!?
These methods, referred to as attitude point solution algorithms,
were generally designed for applications on land vehicles, ships,
and aircraft.

In the early 1990s, C. E. Cohen together with Trimble Naviga-
tion developed a receiver architecture and algorithms for attitude
determination.'*!> In his doctoral dissertation and other refer-
ences,'> 1% Cohen described a variety of algorithms for attitude point
solutions, initialization, and ambiguity resolution. Some of these are
implemented in the TANS vector receiver to provide real-time atti-
tude point solutions.

The first space flight experiment of GPS for attitude estima-
tion was the U.S. Air Force RADCAL satellite. Lightsey et al.'’
described the use of GPS on board such a vehicle and evaluated the
likely error sources. References 18 and 19 described the preliminary
results they generated from actual RADCAL data. They analyzed
a single 4-h section of data from RADCAL and produced orbit es-
timates and attitude point solutions. They noted that the accuracy
of the solutions is limited by the absence of reliable baseline esti-
mates and measurement errors, which are likely to be dominated by
multipath.

This paper extends the theoretical work of Cohen et al.!*~** in us-
ing GPS alone for spacecraft attitude estimation and presents more
comprehensive experimental results. We provide a systematic ap-
proach to attitude estimation from initialization to filter refinement
with algorithm enhancements at each step. The initialization rou-
tine and point solution algorithms are reformulated in terms of



1202 AXELRAD AND WARD

quaternions rather than Euler angles. The attitude estimator is im-
plemented as an extended Kalman filter also in terms of quaternions,
making it more tolerant of large-amplitude oscillations in pitch and
roll and an unconstrained yaw rate. A baseline filter is developed
that uses flight data to refine the estimates of the relative locations of
the antennas, thereby reducing a significant source of error in eatlier
results.'® ! Furthermore, the various algorithms are rigorously ap-
plied to many data sets available for RADCAL, amounting to over
50 h of solutions. Because of the lack of an external attitude refer-
ence on RADCAL, accuracy is assessed by numerous consistency
checks between various solution methods.

The remainder of this paper is organized as follows. Section II
develops the basic GPS phase difference observable. Section I
presents each of the steps in the final attitude estimation process
including initialization, attitude and baseline filters, and the point
solution algorithm. Section IV describes the flight data and dis-
cusses the results obtained. Finally, Sec. V summarizes the paper
and presents some ideas for future research.

II. Attitude and the GPS Phase
Difference Observable

The attitude of a spacecraft is its orientation with respect to some
frame of reference. More specifically for this study, it is the rotation
of a coordinate frame fixed in the spacecraft body, with respect to
the orbit local frame. The orbit local frame L is centered on the
spacecraft and aligned with the radial and orbit normal vectors, as
showninFig. 1. The body-fixed frame B is aligned with the principal
axes of the spacecraft. The rotation from the local to the body frame
can be represented by a transformation matrix C. It can also be
represented by a four-element attitude quaternion g.

Most attitude sensors, such as sun sensors or magnetometers, are
based on the principle of measuring a vector in both the body frame
and the reference frame and then determining the rotation between
the two frames (see, for example, Ref. 8). A similar approach is
taken when using GPS-based measurements. Cohen" formulated
the attitude determination problem in terms of the GPS observable.
In this section we summarize his results to aid in our discussion.

All GPS satellites generate a carrier signal at the L1 frequency.
This frequency is centered on 1575.42 MHz, which corresponds
to a wavelength of 19.03 cm. The fractional difference in carrier
phase between two antennas, Ay, forms the principal observable
for attitude determination using GPS. One antenna is designated as
the master antenna, and the others are slaves. This phase difference
can be expressed by

Ap=Ar—k+B+v ¢))
The range difference Ar is given by
Ar=ry — 1, 2

where r,, is the distance from the master to a GPS satellite and
ry is the distance from the slave to the same satellite expressed in
L1 cycles. The term k is the integer number of carrier cycles in the
range difference. The hardware line bias g is the difference in delays
produced by cables and electronics between the master and slave
antenna expressed in fractional cycles. The term v is the random
measurement noise, also expressed in cycles.

As illustrated in Fig. 2, the range difference is the projection of
the baseline vector b (directed from master to slave) onto the line of
sight vector e, which gives

Ar =b-e = |b|cosB 3)

i
zenith

k
orbit normal
j=kxi j=kxi
Orbit local Body fixed

Fig.1 Reference frames.

GPS Satellite

b
baseline vector

Fig.2 GPS phase difference geometry.

If e is expressed in the orbit local reference frame and b is known in
the body-fixed reference frame, the range difference may be written
as

Ar = BT Cet 4)
and the observed phase difference is given by
Ap = @®) (Ce*) —k+B+v )

Given a minimum number of observations, for example, three
baselines observing two satellites, the attitude can be solved deter-
ministically. If more measurements are available, the solution can be
optimized in some way. Generally, the attitude matrix is not solved
for explicitly. Instead, it is modeled by a linear correction to an a pri-
ori estimate, C . We assume that the a priori estimate of the attitude
matrix is related to the true attitude according to

C=5CC=(I+0"C ©)
where the transformation matrix §C is expressed in terms of a small
correction quaternion 8¢ and @ is the cross product matrix associ-
ated with the elements of the vector éq.

The observed phase for baseline i and satellite j can then be re-

lated to the quaternion correction by substituting Eq. (6) into Eq. (5)
and expanding;:

T, T s
Agy = (bF) (Ceb) + (b7) (20%Cet) —kij + pi + vy (D)
The second term in Eq. (7) can be rearranged as follows:
T, . a A T o
(7)) (20 Cet) =2(Ce’) By sq )
where B} is the cross product matrix associated with the components

of the vector b2 . If the integer and line bias are known, the predicted
phase is given by

NGy = () (Cet) — ki + B ©)

The phase difference residual §¢;; is given by
Spij = Agij — Agyj (10)
where Ag;; is the observed phase difference measurement and Ag;;

is the predicted phase difference measurement. We can model this
residual as

s, = 2(Cet) B sq (1

if we assume the measurement errors v;; have zero mean. This equa-
tion can then be used to solve for 8q.

III. Methodology

This paper describes a sequence of algorithms, which begin with
the most basic assumptions about the vehicle attitude and ultimately
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produce high-accuracy attitude solutions based on GPS measure-
ments. We begin with an attitude initialization step followed by an
extended Kalman filter for attitude and line biases, with the op-
tion of refining the baseline estimates using data collected on orbit.
A point solution algorithm is also used for comparison purposes.
An overview of the process is given next, followed by a detailed
description of each algorithm.

Initially we assume that the baselines, line biases, integer am-
biguities, and attitude of a spacecraft are unknown. To begin the
attitude estimation process, rough estimates of both vehicle attitude
and antenna locations are needed. Broad assumptions can be made
about the attitude of a spacecraft based on vehicle design and/or
GPS satellite visibility. For example, a gravity gradient satellite
would most likely be nadir pointing. Checking received GPS signal
strength could verify this assumption and provide additional attitude
information. Cohen’ developed a ground-based static self-survey
algorithm to determine the antenna baselines in the spacecraft body
frame to an accuracy of several millimeters. Without the self-survey,
however, one must rely on mechanical drawings of the spacecraft,
which should provide the antenna baselines to within several cen-
timeters. The ad hoc attitude and baseline estimates described eatlier
are sufficient to start the attitude estimation process.

Since the receiver only measures the fractional part of the phase
difference, the range difference remains ambiguous until the inte-
ger part is resolved. Both the point solution and the Kalman filter
require that the attitude, angular velocity, and line biases are known
to an equivalent uncertainty of one-quarter of a wavelength so that
the integers can be resolved directly. The one-quarter wavelength
constraint comes from the fact that if the combined errors are larger
than one-half wavelength, an incorrect integer could result as a re-
sult of rounding; therefore, a conservative constraint of one-quarter
wavelength is chosen to ensure that the proper integer is calculated.
To meet this requirement, the initialization algorithm is employed to
improve the a priori estimate of the attitude to within 10 deg. With
accurate baselines, enough information is now available to apply
the attitude Kalman filter and to obtain accurate results. However,
if the baselines are not well known, the baseline estimator may be
used to improve the knowledge of the relative antenna coordinates
and the line biases before running the attitude filter. Table 1 lists the
input requirements and expected performance of each algorithm.

Attitude Point Solution

The attitude point solution is an iterative least-squares fit to a
set of simultaneous observations. Since no dynamic models of the
system are incorporated into the solution, the point estimates are
noisy. However, they serve as a benchmark against which other
methods can be compared.

The approach we use is to solve for the state vector,

x=1[8q1 &g, 8gs]" (12)

using the following equation to predict the phase difference:

Ay = (b)) (Cet) + i — &y (13)

Tablel Algorithm requirements and performance

Input Output
Algorithm Parameter requirements performance
Attitude initialization Attitude Very coarse 10 deg
Baselines 2cm N/A
Line biases R % cycle
Attitude filter Attitude 10 deg 0.2 deg
Baselines S mm N/A
Line biases % cycle 0.03 cycles
Baseline estimator Attitude 10 deg N/A
Baselines 2cm S mm
Line biases 41 cycle 0.03 cycles
Point solution Attitude 10 deg 1.0 deg
Baselines 5 mm N/A
Line biases % cycle N/A

In this formulation the line bias is assumed to be known, and the
integer k;; is calculated as follows:

ki = int[ (82)" (Cet) + B — Agy] (14)

where the int function rounds to the nearest integer. We assume that
k;; is always correct because the a priori attitude is always good
enough to resolve it. However, if there are large gaps in the data,
this assumption may not be true, which could result in an incorrect
solution.

The measurement gradient, H;; = d(Ag;;)/dx, is given by

Hy; =2(€et) By (15)

for a single observation on baseline i and satellite j. The mea-
surement gradient vectors for all of the observations at a particular
measurement epoch are concatenated into an m x n matrix H, where
m is the number of measurements at the epoch and » is the num-
ber of states. The measurement residuals are then combined into an
m-vector z to give

2= | Agyj — A@; (16)

At each measurement epoch we solve the system of equations
Hx = z for % to find the best estimate of the correction quater-
nion 84. The full correction quaternion is formed using the equation

84 = [ il ] an
V1 —1842 — 843 — 843

Then the updated quaternion estimate §* is computed by compos-
ing the full correction quaternion with the a priori estimate, -, as
follows:

7" =807 18)

The process is repeated until 84 gets sufficiently small.

Note that line biases are not estimated in this implementation.
However, if the line biases are not well known or are fluctuating as
aresult of thermal variations, they could easily be added to the state
vector. Adding the line biases would reduce the errors introduced
by an incorrect a priori estimate of the line bias but may increase
the sensitivity of the solution to multipath errors.

Attitude Initialization Algorithm

The batch process presented here is a method of estimating the
initial attitude, angular velocity, and integer ambiguities for a space-
craft. These values can then be used as starting points for the other at-
titude estimation algorithms. This algorithm is based on the method
described by Cohen and Parkinson.?® Our implementation includes
guidelines for selecting data and a robust solution consistency check.

The vehicle is assumed to rotate with constant angular velocity
so that the attitude matrix can be represented as

C = C(}1)Cgo) (19)

where the quaternion g, represents the attitude of the vehicle with
respect to the local frame at some initial time # and wf is the (as-
sumed) constant angular velocity vector of the vehicle with respect
to the local frame expressed in body coordinates. With an a priori
initial attitude §o and angular velocity &%, we can model C using
the following equation:

C=48CC = I+ 0*)C(dFt) C@Go) (20)

where ¢ is the time since #;. The vector @ represents small rotations
about the initial estimate of the body axes and is given by

0 =28g + swlt @21
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and @ is the cross product matrix associated with the components
of 8.
The state vector is defined as

T
x=[8q: dq 8qs|dw), Swi, Swii|ku 0 K]
(22)
where
Kij = kij — Bij (23)

that is, «;; is a floating point number that includes both the integer
cycle and the line bias. This leads to the following model for the
observed phase difference:

Ag; = (B7)" (Cet) + (b7)" (07Cet) &y +v (24
Now the predicted phase difference for baseline i and satellite j is
A£Gy = (87)" (Cet) @5)

The measurement gradient H;; for a single measurement is given
by

Hy = [2(Ce) BX | (Ceb) Brt|o - 0 —1 0 - 0]
(26)

The measurement gradient vectors for the entire batch of obser-
vations are concatenated into an m x n matrix H, where m is the
number of measurements in the batch and » is the number of states.
The measurement residuals, calculated according to Eq. (16), are
then combined into a m-vector z.

Now, to find the best estimate of the corrections, we solve the
system of equations HX = z for . The quaternion corrections are
converted to a full quaternion as in Eq. (17), which is then used
to update the a priori estimate of g, according to the quaternion
composition rule. The angular velocity is updated in the traditional
manner by adding the correction to the a priori estimate. This batch
process is iterated until the corrections become sufficiently small.

At this point there are two checks to determine whether the algo-
rithm has provided the correct answer. The first check is to determine
whether the process has converged to a solution. The second check
is to determine whether the converged solution is correct. If the
process does not converge within a few iterations, 10 at most, this
indicates that the initial conditions were not close enough to the so-
lution. Another set of initial conditions is chosen, and the procedure
is repeated. For a gravity gradient stabilized satellite like RADCAL,
the pitch and roll angles are usually known to within 20 deg. The yaw
angle, however, is completely unknown. In this situation, choosing
four sets of initial conditions with the yaw angles separated by 90
deg produced at least one convergent answer.

The validity of the solution is verified using the fractional part of
each «;;, which represents the differential line bias between the two
antennas. We can estimate the line bias associated with a baseline i
by averaging over all satellites j = 1, ..., [, where [ is the number
of GPS satellites. Proximity of the fractional portions is used as an
integrity check of the algorithm. The largest difference between line
bias estimates for a baseline provides a measure of proximity. If the
largest difference is at most one-quarter cycle for two out of three
baselines, the solution is deemed correct.

Since this algorithm uses very little a priori information, the key
to success lies in proper data selection. The following are important
factors in the data selection process.

Interval Length

The length of the interval must be long enough to obtain adequate
information to resolve the ambiguities but short enough so that the
assumption that angular velocity is constant is not violated. We
found 10 min of data to be optimal for RADCAL.

Number of GPS Satellites

Since the number of GPS satellites dictates the number of states to
be estimated, the number of satellites must be chosen prior to running
the algorithm. With too few satellites not enough information will
be available to resolve the integers. Too many satellites (and, hence,
too many states) could decrease the algorithm’s performance. We
found that using three or four satellites produced results that passed
the check for a correct solution.

Satellite Motion

GPS satellites with large motion relative to the user satellite pro-
duce the best results. Large satellite motions produce large changes
in the phase difference measurements. Evaluating the change in
phase measurement over each baseline for a particular satellite pro-
vides a gauge of how much satellite motion is present. Satellites
with cycle slips or changes in the master antenna are eliminated.
For RADCAL, satellites with a change in phase measurement of
less than 0.25 cycle over each baseline are also eliminated. If at
least three satellites remain, and the cumulative phase change for
the interval is more than eight cycles, then this interval is considered
a good candidate. (The cumulative change is calculated by adding
the change in phase over each baseline to produce a total change for
a satellite, then adding the total change for each satellite to produce
a cumulative change for the interval.) In addition to looking for large
phase changes, to ensure that the geometry is favorable, we required
at least one of the satellites to attain an elevation of 50 deg or more.

Reliable Data

Poor data produced by low signal levels or corrupted by multipath
will degrade the performance of this algorithm. To account for this,
measurements with a low signal-to-noise ratio (SNR) are filtered out.
We found that choosing an SNR cutoff near the median SNR value
and filtering out data with SNRs below the cutoff indicated intervals
that would yield a correct solution. For the RADCAL data, a cutoff
of 6 amplitude measurement units (AMU) was used. (The AMU
corresponds to the amplitude of recovered carrier in a bandwidth of
1kHz.)

If the preceding guidelines for data selection are followed, one
should be able to initialize successfully. In some of the flight data
sets for RADCAL, however, there were no intervals that satisfied
the aforementioned requirements. In those cases, we tried a few
intervals of data that did not meet the requirements until one of the
intervals produced a consistent solution. With this method we were
able to initialize all of the data. Furthermore, each time the line
biases were consistent, the solution was in fact within 10 deg of the
Kalman filter solution.

Baseline Estimation Algorithm

To properly estimate the attitude of a spacecraft, the body refer-
ence frame must be clearly defined, and each of the baselines must
be accurately known in this frame. Consider the baseline error Ab
shown in Fig. 3. Given this simplified two-dimensional geometry,
where sin(A8) = Ab/b, we can see that a 1-cm baseline error on a
1-m baseline would result in a pointing error of 0.57 deg. For dif-
ferent geometries, the attitude error would vary depending on the
orientation of both the baseline and baseline error with respect to
the line of sight vector.

If the GPS antennas are not carefully surveyed prior to launch,
some assumptions must be made about the relation of the body
frame to the antenna array. Mechanical drawings of the spacecraft
should provide the location of the antennas to within several cen-
timeters. Refining these estimates is the purpose of the three-step
algorithm developed here. First, a sequential filter is used to estimate
the line biases, baseline vectors, and local angular velocity. Next,

Fig. 3 Effect of baseline error.

AM/lAb

b
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the body-fixed frame is defined by two of the local baselines, and
all three baselines are transformed from the local frame to the body
frame. Finally, the baseline coordinates in the body frame are aver-
aged over time to obtain the best estimate. This method is similar
to that presented by Axelrad and Ward.?!

The 15-element state vector for the sequential filter is given by

T T T T
x=[(sb}) (sb5) (8b%) |ow, S0}, swiy|8p1 8B 8]
27
where wf is the angular velocity of the body with respect to the
local frame expressed in local coordinates. The phase difference
measurement model for baseline i observing satellite j is
T
Agij = (e¥) BE+ B — ki +v (28)
or
T ,n A
Mgy = () (BE +8BE) + (B +08) —kiy+v  (29)
and the phase measurement prediction is
N Ts s 2
Mgy = () b7 + B — ki 30)

where k; ; is calculated according to Eq. (14).

Consider a measurement on baseline i observing satellite j. The
elements of the measurement gradient matrix for baseline i are the
elements of the line of sight vector ef. The element corresponding to
the line bias g; is set to 1. All other elements are zero. For example,
if baseline 1 observes satellite j, then

H;=[(e)" o7 o"jo 0 0of1 0 0] @D

The dynamic model in the filter is given by
dbL
dr

where the derivatives are taken in the local frame.
After the baselines have been estimated in the local frame, the
body frame is defined by

L
dwy

=wl xb*  and 5

=0 (32)

L AL ., AL
w_ b3 i by x by

L=2"1 ki =ik xjh (33)
B 'bé' be' B B B

Figure 4 illustrates this definition of the body frame. The estimate
of the local to body transformation matrix is constructed at each
measurement epoch using the unit vector definitions as follows:

()’

BEL — (jg)T (34)
(i5)"

and the estimated local baselines are transformed to the body frame.
Since the baseline vectors in the body frame remain constant, their
coordinates can be averaged over time to obtain the best estimate.
The baseline estimation process uses the electronic baselines as
a basis for the body frame. Generally speaking, all instruments and
principal axes can be expressed in a mechanically defined reference
frame. To accurately estimate the attitude of the body frame, these

kB ' top down view

Fig. 4 Definition of the body-
fixed frame.
---> jp

two reference frames must be reconciled. Errors in baseline length
as well as errors in the direction of one baseline relative to another
can be observed with this method. However, a pure rotation between
these reference frames will remain transparent (i.e., will appear as
an attitude error). A pure rotation can only be resolved by some
external means.

Attitude Kalman Filter

A Kalman filter, by using a dynamical model along with a mea-
surement model, can produce a better solution than the point so-
lution, An extended Kalman filter based on Lefferts et al.? is pre-
sented next.

The state vector in this formulation is given by

x=[5q1 8q2 dqs|dwy Sw, Swsl|8B 862 8Bl (35)

where 8¢q, dw, and 88 represent corrections to the local to body
quaternion, the inertial angular velocity, and the line biases, respec-
tively. Here the predicted phase difference is given by

Agij = (bf)T(é'ejr) + B~k (36)

where Izi ; is calculated according to Eq. (14).

Consider a measurement on baseline i. The element of the mea-
surement gradient matrix corresponding to the line bias §; is setto 1.
The elements for the quaternion states are calculated by the same
equation used in the point solution. All other elements are zero. For
example, if baseline 1 observes satellite j, then

Hy; = [2(&,»]4)719,x

0 0 0’1 0 0] 37

Between measurement epochs, the quaternion and angular veloc-
ity states are advanced to the current measurement time by numer-
ically integrating the nonlinear equations of motion for a gravity
gradient satellite. These equations, which can be found in Kane
etal.,” are

41 = 3 (@194 — 0293 + @392 + Qg2)

¢ = 3(0193 + w2q4 — w3q1 — Q1)

(38)
4z = 3(—w1q2 + ©2q1 + w394 — Qqu)
Ga = 3 (—01q4 — W2q; — W3g3 + Qq3)
and
@ = Kjmws — 3Q2K,C5,Csy
@ = Ky — 3Q2K,C Csy (39)
@3 = Kzww2 — 3Q2*K3C Cyy
where
k=222 k=2t =T @)

The line biases are assumed to be constant. The covariance matrix
is propagated forward with the state transition matrix derived from
the linearized equations of motion, which are given by

8§ = w*8q + }éw (41)

and
Say = K16Q2[(C3, — C})8q1 — C11Cuidqa + C11Caidgs |

+ K {(w3dw; + wréws)

8an = K26Q*[C1iCndqy + (C3) — C})8g2 — CuCidgs
(42)
+ Ky (w3éw; + w18w;3)

83 = K369 —C11Cxidq1 + CoiCaidga + (CFy — C3,)845]

+ K3 (w2dw; + w1dwy)
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IV. Results

The following section contains a compilation of attitude solutions
and other results for RADCAL obtained with the methods described
earlier. RADCAL is a symmetrical spacecraft in a near-circular, po-
lar orbit at an altitude of 815 km, used by the U.S. Air Force for
radar calibration. The physical parameters for RADCAL are given
in Table 2. It is passively stabilized to a nadir pointing attitude by a
gravity gradient boom and magnetic nutation dampers. RADCAL
carries a heavily modified Trimble Navigation TANS Quadrex re-
ceiver, which measures the phase difference of GPS signals arriving
at four microstrip patch antennas mounted on the zenith face of the
vehicle.'*17 Each antenna is canted outward 17.5 deg. The baseline
coordinates given in Table 2 are expressed in the body reference
frame defined in Eq. (33).

The phase differences between each of the three slaves and a mas-
ter antenna are included in the telemetry stream and downloaded for
postprocessing. In addition to the phase observation files, we alsouse
the RADCAL navigation solutions corrected for selective availabil-
ity by the U.S. Air Force using a method developed at the Applied
Research Laboratories?® and the precise GPS orbits calculated by
the Jet Propulsion Laboratory.?* A total of five data sets have been
processed and analyzed, as listed in Table 3.

Attitude Initialization Results

A number of data sets have been processed and analyzed. The
RADCAL data used to produce the results presented next were
collected on day 160 of 1994 (9 June 1994). The data records start
at noon and span almost 18 h. The a priori yaw, roll, and pitch for the
attitude initialization were all chosen to be zero. The a priori values
for the angular velocity and line biases were also set to zero. The
baseline vectors were fixed to the values derived from the vehicle
mechanical drawings. Using a 10-min span of data, the algorithm
converged to an attitude solution in six iterations. The results are
reported in Table 4. The fourth column reports the largest difference
between line bias estimates Af. For all data sets, the initialization
attitude estimate was within 10 deg of the filter estimate.

Table 2 RADCAL parameters

Parameter Value
Nominal orbit?® Semimajor axis, km 7193
Eccentricity 0.01
Inclination, deg 90.0
Size* Body height, cm 40.6
Body diameter, cm 76.2
Boom height, m 6.069
Weight, kg 89.3
Moments? Radial, kg m/s 6.234
Transverse, kg m/s 96.242
Normal, kg m/s 96.675
Baselines® Baseline I, m [0.0 0.313 0.313]

Baseline 2, m
Baseline 3, m

[0.0 0.626 0.0]
[0.0 0.313 —0.313]

2Nominal orbit and size parameters taken from Ref. 18.
Moments of inertia and baseline vectors taken from mechanical drawings.

Table 3 RADCAL data sets

Day Date Length, h Data interval, s
079 20 March 94 22 15
107 17 April 95 59 12
160 9 June 94 17.6 30
165 14 June 94 112 30
189 8 July 94 16.8 30

Table 4 Attitude initialization results for RADCAL (day 160)

Euler angles,  Angular velocity, Line biases,  Line bias difference,
deg deg/s cycles cycles

Yaw: —164.1  w: —8.0 x 10™* B1:0.72 AB1: 026
Roll: —3.0 an: —4.4 x 107* B2: 0.44 ABy: 024
Pitch: 3.0 w3:8.3 x 1074 B3:0.29 AB3:0.22

0.08
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0.04

<3

X (meters)

-0.06
-0.08

time (hours)

0.39
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Fig. 5 Baseline 3 estimates in the body frame (day 160).

Since the quality of the RADCAL data is rather poor, finding a
portion of data that would produce a consistent solution was not easy.
On three of the data sets no interval met the minimum phase change
per baseline requirement. On day 189 the length of the interval had
to be increased as well. Occasionally, we also had to try more than
one interval before finding one that produced a consistent solution.
However, each time the line biases were consistent, the attitude
solution was correct.

Baseline Estimation Results

The attitude and line biases from the initialization and baselines
from the mechanical drawing provided the a priori values for the
baseline estimator. The standard deviation of the measurement noise
was set to 1 cm, and the process noise was chosen to allow for
a 1-mm change in the baselines (expressed in local coordinates)
over a 1-s interval. Phase difference measurements with an SNR of
less than 3 AMU were eliminated from the solution. The estimates
obtained on day 160 for baseline 3 are given in Fig. 5. Although the
estimates are noisy, the trend remains constant, as expected. These
results are typical of those obtained on other days as well. Table
5 contains the baseline estimation results for all days processed.
The baselines from the mechanical drawings are also included. The
estimates for each baseline coordinate are closely clustered. The
maximum difference in baseline length between data sets is 7 mm.
The largest angle between estimated baseline directions is 1 deg.

Attitude Kalman Filter Results

Baseline estimates and line biases from the baseline estimator
and the attitude from the initialization routine provided the a priori
values for the filter. The standard deviation of the measurement noise
was set to 1 cm. The process noise over a 1-s interval was chosen
to be (1 x 107%)2 for the quaternion states, (I x 107 rad/s)? for
the angular velocity states, and (1 x 1077 cycles)? for the line bias
states.

The attitude estimates for day 160 are shown in Fig. 6. The quater-
nion estimates have been converted to Euler angles for presentation
purposes. Although we cannot determine the actual filter error, the
1-0 uncertainties for day 160 reported by the Kalman filter are
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Table 5 Baseline vector estimates

Baseline 1, m Baseline 2, m

Baseline 3, m Line biases, cycles

Day b, b, b, b: by, b

bx b 'y bz ﬁ 1 ﬂZ ﬂS

079 00 0310 0304 00 0618 0.0
107 00 0306 0311 00 0615 00
160 00 0303 0308 00 0614 00
165 00 0306 0307 00 0620 00
189 00 0304 0309 00 0.621 0.0
Mech. 0.0 0313 0313 00 0626 0.0

—0.006 0305 -—0.308 0.888 0484 0.163
—0.002 0309 —-0.310 0.894 0477 0.165
—0.004 0307 -0.309 0893 0.502 0.173
—-0.005 0311 -0312 0922 0499 0.163
-0.009 0307 -0.309 0900 0468 0.164

0.0 0313 -0313 — — @—

Table 6 1-o filter uncertainties

Euler angle,
Day deg

079 0.26 1.78 3.80
107 0.22 1.63 2.02
160 031 2.03 1.56
165 0.34 3.16 2.09
189 0.30 1.96 2.89

Angular velocity,
arcsec/s

Line bias,
cycle x10™3

200
1504

yaw, degrees
=)
1

) ‘ 1

8
=1
<3

9 12
time, hours -

o N
5]

" 20 L ] |9 1 1
time, hours

roll, degrees

pitch, degrees
i

-20 L
0 3 .9
time, hours

Fig. 6 Attitude filter solutions (day 160).

0.31 deg for the Euler angles, 2.0 arcsec/s for the angular velocities,
and 1.6 mm for the line biases. The 1-o uncertainties reported for all
days are given in Table 6. Since the measurement noise is not white
but structured as a result of multipath, and there is mismodeling in
the filter, these bounds are probably optimistic.

In Fig. 6 we see that the spacecraft is slowly spinning about the
yaw axis. The rate of spin is near the orbit rate but opposite in
direction. Harmonic oscillations about the roll and pitch axes are
also apparent, which is typical of gravity gradient motion. On days
079 and 107 the spacecraft displays similar behavior.

Results from day 189 shown in Fig. 7, however, indicated a dif-
ferent type of motion. The yaw angle is fairly constant for the first
4 h. The yaw rate then speeds up to the “normal” mode observed
on RADCAL. Day 165 exhibits a similar period where the yaw is
constant. Although the specific cause is not yet known, there must
be different disturbing torques acting on the spacecraft during these
periods. Atthis point we believe it is related to the magnetic dampers.

Table7 RADCAL pitch and roll periods (in minutes)

Day Roll period

Expected 5247 60.85
107 54.01 64.80
160 52.94 62.30
165 51.84 61.28
189 49.54 60.57

Pitch period
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Fig. 7 Attitude filter solutions (day 189).

To further evaluate the results, we compared the expected and
observed roll and pitch frequencies. The expected natural pitch and
roll frequencies for a gravity gradient satellite can be calculated with
the following equations®3:

L —1 L -1
w,=n 32 1 w, ~n, 421 (43)
13 12

The observed frequencies can be determined by taking a fast Fourier
transform (FFT) of the RADCAL attitude solutions. From Fig. 8,
which shows an FFT of the pitch angle estimates for day 160, it
is clear that most of the power is concentrated at the natural fre-
quency (~1.7 x 1073 rad/s), with very little power at the orbital
frequency (~1.03 x 1072 rad/s). The FFT results for both pitch and
roll are compiled in Table 7. The expected periods of the pitch and
roll motions agree with the observed periods within 5.6 and 6.5%,
respectively.

The FFT for day 189 also showed a strong secondary peak at
545 min. This is probably a result of the near-constant yaw angle
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Table 8 Line bias filter results, cycles

Day B B2 B3
079 0.918 0.515 0.184
107 0.902 0.493 0.172
160 0.906 0.496 0.180
165 0.910 0.493 0.179
189 0.900 0.494 0.180
10
45
4
35
: \
2.5 \
: \
1.5 \
1 \
0.5 \
AN

25 3

0 0.5 1 1.5 2
Frequency (rad/sec) x 10°

Fig. 8 FFT of pitch angle (day 160).
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Fig. 9 Line bias 1 filter solutions (day 160).

observed at the beginning of the data set. The data for day 079
spanned less than two orbital periods and, hence, the data interval
was too short to produce meaningful results.

Line bias consistency is yet another indication of filter perfor-
mance. Figure 9 shows the solutions for line bias 1 on day 160. Al-
though it takes an hour to converge, the estimates remain constant
for the remainder of the run, as expected. The standard deviation of
the estimates, excluding the first hour of data, is 0.02 cycles (4 mm).
These results are characteristic of line bias solutions obtained not
only on other baselines but on other days as well. Line bias estimates
in cycles for all days are compiled in Table 8. There is strong agree-
ment in line bias estimates across each day. The largest difference
of 4.4 mm occurs on line bias 2.

In addition to looking at attitude solutions, we looked at measure-
ment residuals from the filter to gain insight on its performance.
In many cases the residuals were structured with a time constant
corresponding to multipath reflections from the boom. Although
the antennas were canted outward to decrease multipath from the
boom, the results are clearly corrupted by multipath. Furthermore,
although the canting increases the total sky visibility, it decreases
the number of satellites in common view. In addition, phase center
motion will generally cancel out if all of the antennas are pointed
in the same direction; however, canting the antennas is likely to
introduce an additional error as a result of phase center motion.

Attitude Point Solution Results

For comparison, we also processed the data with the least-squares
point solution. Again, the attitude from the initialization algorithm
was used to start the process. The line biases were fixed to the es-
timates calculated in the attitude Kalman filter. Measurements with
SNRs of less than 3 AMU were excluded from the solution. Al-
though the point solutions are noisier than the filter solutions, they

5
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Fig. 10 Point vs filter attitude difference (day 160).

are qualitatively similar. The attitude difference formed by subtract-
ing the point solutions from the filter solutions for day 160 is plotted
in Fig. 10.

The differences shown in Fig. 10 represent the combination of
both point and filter errors where errors common to both solution
methods have canceled out. The point solutions track the measure-
ment data, so point solution errors are likely to be dominated by
errors in the GPS measurements, which include receiver noise and
multipath. One other potential source of error would be inaccuracies
in the baseline estimates; however, these are common to the filter
solution and cancel out when comparing the two methods. Because
each GPS satellite pass is fairly short (~20 min), there is no viable
mechanism for low-frequency errors to appear in the point solutions.

The filter solution has removed or smoothed the measurement
errors by establishing afairly high confidence in the dynamic model;
i.e., by setting the process noise values low. Filter solution errors
are caused by dynamic mismodeling and are evident in the lower-
frequency components of the solution differences. In particular, we
expect to see the effects of unmodeled disturbances in the range of
once or twice the orbital rate.

To investigate this we first performed an FFT of the difference
data. This produced several low-frequency power spikes in the range
of one cycle per 50-100 min, in particular at once and twice the
orbital rate. These are clearly a result of dynamic mismodeling in
the filter. There was also power at higher frequencies of one cycle
per 5-10 min, which is likely a result of multipath, and additional
power in the one cycle per 10-20 min range, which may be caused
by low-frequency multipath and/or high-frequency dynamic effects.

To quantify the contributions in each frequency regime, we com-
puted the rms values of the raw difference data and compared them
with the rms values of low pass filtered (LPF) versions of the same
data. The results are given in Table 9. The rms of the unfiltered dif-
ference is probably indicative of the point solution accuracy, which
is approximately 0.8 deg per axis.

Using a Butterworth filter, we set the first low pass filter cutoff
frequency at one cycle per 10 min to eliminate errors that are clearly
a result of measurement noise. This produced an rms of about 0.5
deg in the pitch and roll axes and as much as 0.7 deg in the yaw axis.
The larger result in the yaw axis indicates that there are likely to
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Table 9 Point and filter solution difference rms in degrees

Day Angle Raw 10-min LPF 20-min LPF

160 Yaw 0.82 0.71 0.66
Roll 0.63 0.44 0.29
Pitch 0.63 047 0.31

189 Yaw 0.58 0.42 0.34
Roll 0.73 0.55 0.38
Pitch 0.62 0.47 0.32

be significant unmodeled disturbance torques in this direction. Note
that on day 189 when the yaw was constant for a long interval, the
results were improved. This indicates that under these conditions
there was probably a lower level of yaw disturbance torque acting
on the spacecraft.

To investigate the performance of the filter assuming that the er-
rors in the one cycle per 10-20 min range are also measurement
errors, we then set the cutoff frequency to one cycle per 20 min. The
resulting rms values were reduced to less than 0.4 deg per axis in
pitch and roll angles. To further investigate the filter mismodeling
and get a better understanding of its performance it would be nec-
essary to augment the dynamic model as described in the following
section.

V. Summary and Future Work

This paper describes a sequence of algorithms for GPS-based
attitude estimation of a near-Earth gravity gradient satellite. Each
algorithm represents increasing requirements for a priori knowledge
of the vehicle state and dynamics, which consequently improves
output accuracies. The algorithms have all been successfully applied
to actual flight data collected on board the U.S. Air Force RADCAL
satellite, and the results have been presented.

Under the current implementation, baselines and attitude can both
be determined but not simultaneously. By combining the two steps,
however, the attitude estimation process could be simplified and
streamlined. The approach under investigation is to estimate a re-
duced set of baseline parameters along with the attitude quaternion.
Since the baselines would not necessarily be fixed, this algorithm
would have potential application for spacecraft with GPS antennas
mounted on flexible appendages or for very large spacecraft such as
the NASA Space Station.

We also plan to investigate how unmodeled torques affect the ac-
curacy of the attitude filter. This will include identifying significant
perturbations, quantifying their effects of vehicle attitude, and deter-
mining which perturbations, if any, should be added to the attitude
filter dynamics to obtain the required performance.
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